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Abstract
The Lp boundedness on vertical Littlewood–Paley square functions for heat flows
on RCD(K,∞) spaces with K ∈ R is proved. With regards to the proof, for 1 <
p ≤ 2, Stein’s analytical method is applied, while for 2 < p < ∞, the probabilistic
approach in the sense of Ban˜uelos–Bogdan–Luks introduced recently is employed.
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1 Introduction and main results
There is a vast amount of study on the boundedness of Littlewood–Paley square
functions of various types. Here, we are interested in the Lp boundedness of vertical
(i.e., derivative w.r.t. the space variable) ones, since geometric information is closely
related. In this aspect, on the one hand, in the celebrated work [29] due to Stein, the
Lp boundedness of the Littlewood–Paley square function is established for 1 < p < ∞
in the Euclidean space by an analytical approach; see also [30, Theorem 1, Chapter
IV]. The result was generalized to other smooth and finite-dimension manifolds; for
instance, compact Lie groups (see [31, Chapter II]) and complete Riemannian manifolds
(see [19, 12]), where, for the case when 1 < p ≤ 2, the argument depends on the
diffusion property of the second order differential operator. On the other hand, in Meyer’s
celebrated work [23], a probabilistic approach is applied to prove the Littlewood–Paley–
Stein inequality with 2 ≤ p <∞ for the vertical Littlewood–Paley square function defined
for general symmetric Markov process by using the “carre´ du champ” operator Γ (see
also [24]). Based on the concept of Bakry–Emery Γ2, by developing Meyer’s probabilistic
method, Bakry [6] proved the Littlewood–Paley–Stein inequality (for all 1 < p <∞) for
a diffusion process on the complete Riemannian manifold under the condition that the
Bakry–Emery Γ2 is bounded from below. A closely related work is [27], where Shigekawa
and Yoshida studied the symmetric diffusion process in the metric measure space setting,
but in order to run the Γ2 calculus, they assumed the existence of a nice algebra, which
is usually difficult to obtain in the study of infinite dimensional diffusions, contained in
the domain of the infinitesimal generator of the diffusion process. Some other works we
would like to mention here are [5, 9, 20, 28, 11].
∗E-mail address: huaiqianlee@gmail.com.
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In the present work, we investigate the Lp boundedness for vertical Littlewood–Paley
square functions for all 1 < p < ∞, namely, the Littlewood–Paley–Stein inequality, in
the setting of metric measure spaces.
Let (X, d, µ) be a metric measure space in the sense that (X, d) is a separable and
complete metric space and µ is a non-negative Borel measure on X with full support
which is finite on bounded sets. For 1 ≤ p ≤ ∞, as usual, denote the real Lp space by
Lp(M,µ) and its norm
‖f‖Lp(X,µ) :=


(∫
X |f(x)|p dµ(x)
)1/p
, 1 ≤ p <∞,
ess-sup
x∈M
|f(x)|, p =∞,
where ess-sup is the essential supremum.
Let K ∈ R. By using the K-convexity of the relative entropy, Lott–Villani [21] and
Sturm [32, 33] introduced the notion of curvature-dimension condition as a synthetic
notion of Ricci curvature lower bound on the metric measure space. Then the curvature-
dimension condition was strengthened by Ambrosio–Gigli–Savare´ (see [3]) by demanding
for more Riemannian-like structures and excluding the Finsler structure, which we call
the Riemannian curvature-dimension condition (abbrev. RCD), denoted by RCD(K,∞);
see also [15, 4, 1] as well as Section 2 below. Typical examples of RCD(K,∞) spaces are
complete weighted Riemannian manifolds with Bakry–Emery Γ2 bounded from below, as
well as their limit spaces in the measured Gromov–Hausdorff sense, Alexandorv spaces
(with curvature bounded from below), and Hilbert spaces endowed with a log-concave
Borel probability measure, and so on.
Let (X, d, µ) be an RCD(K,∞) space with K ∈ R. There exists a natural notion
of heat flow, denoted by (Ht)t≥0, which is associate to the quasi-regular and strongly
local symmetric Dirichlet form induced by the Cheeger energy (see Section 2 below). For
α ≥ 0, we set Hαt = e−αtHt. For every f ∈ L1(X,µ) ∩ L∞(X,µ), we define the vertical
Littlewood–Paley square function as
G(f)(x) =
( ∫ ∞
0
|DHαt f |2w(x) dt
)1/2
, x ∈ X,
where |Df |w is the minimum weak upper gradient of f (see Section 2 below).
The main result of this work is contained in the following theorem.
Theorem 1.1. Let α ≥ 0 and let (X, d, µ) be an RCD(K,∞) space with K ∈ R. Then,
there exists a positive constant Cp, depending only on p, such that
(1) if 1 < p ≤ 2, then
‖G(f)‖Lp(X,µ) ≤ Cp‖f‖Lp(X,µ), for every f ∈ L2(X,µ) ∩ Lp(X,µ);
(2) if α ≥ max{−2K, 0} and p > 2, then
‖G(f)‖Lp(X,µ) ≤ Cp‖f‖Lp(X,µ), for every f ∈ L2(X,µ) ∩ Lp(X,µ).
We remark that, on the RCD(K,∞) space (X, d, µ) with K ∈ R, the horizontal (i.e.,
derivative w.r.t. the time variable) Littlewood–Paley square function, defined as
gk(f)(x) =
(∫ ∞
0
∣∣∣t2k ∂k
∂tk
Hαt f(x)
∣∣∣2 dt
t
)1/2
, x ∈ X,
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for every f ∈ Lp(X,µ) and all k = 1, 2, · · · , is bounded in Lp(X,µ) for all 1 < p <∞ by
the result in [10]. However, we are not allowed to apply [31, COROLLARY 1] on Page
120 directly to derive the Lp boundedness of gk due to the lack of stochastic completeness
for (Hαt )t>0 in general; indeed, when α > 0, H
α
t 1 < 1 for every t > 0 (see Section 2).
Moreover, inspired by [12, Remark 1.3 (ii)], for every f ∈ L1(X,µ) ∩ L∞(X,µ), if we
define the square function as
G˜(f)(x) =
( ∫ ∞
0
t
∣∣De−t√α−∆f)∣∣2
w
(x) dt
)
, x ∈ X,
then G˜(f) is pointwise dominated by G(f). As a result, the Lp boundedness of G implies
the Lp boundedness of G˜.
In Section 2, we recall some basic notions and known results following the works due
to Ambrosio–Gigli–Savare´. In the subsequent sections, we present the proof of Theorem
1.1, which is divided into two parts: Section 3 on the Lp boundedness for 1 < p ≤ 2, and
Section 4 on the Lp boundedness for 2 < p <∞.
2 Preliminaries
Let (X, d) be a metric space. Denote Lip(X, d) the class of all Lipschitz continuous
functions on (X, d). Given a function f : X → R, define its local Lipschitz constant
lip(f) : X → [0,∞] by
lip(f)(x) =


lim sup
y→x
|f(y)−f(x)|
d(x,y) , if x is not isolated,
0, otherwise.
Let (X, d) be a separable and complete metric space, and let µ be a non-negative
Borel measure on X which has full support and is finite on bounded subsets of X. The
triple (X, d, µ) is called a metric measure space.
The Sobolev space W 1,2(X) :=W 1,2(X, d, µ) over the metric measure space (X, d, µ)
is defined as the class of all functions f ∈ L2(X,µ) for which there exists a sequence of
functions (fn)n≥1 ⊆ L2(X,µ) ∩ Lip(X, d) such that fn → f and supn≥1
∫
X lip(fn)
2 dµ <
∞. For every f ∈W 1,2(X), denote its minimal weak upper gradient by |Df |w. We refer
to [2, 15] for the existence and properties on the minimal weak upper gradient. It turns
out that W 1,2(X) equipped with the norm ‖ · ‖W 1,2(X), defined by
‖f‖2W 1,2(X) := ‖f‖2L2(X,µ) + ‖|Df |w‖2L2(X,µ),
is a Banach space, but not a Hilbert space in general.
In order to rule out Finsler structures, the Riemannian curvature-dimension condition
(abbrev. RCD) is introduced in [3] (with the reference measure a probability measure)
and then in [1] (with the reference measure as the same as µ), which is a strengthening
of the curvature-dimension condition CD(K,∞) in the sense of Lott–Sturm–Villani (see
[32, 21]) by further requiring the Banach space (W 1,2(X), ‖ · ‖W 1,2(X)) to be a Hilbert
space.
Definition 2.1. Let K ∈ R and let (X, d, µ) be a metric measure space. We say that
(X, d, µ) is an RCD(K,∞) space (or (X, d, µ) satisfies the RCD(K,∞) condition) if it
satisfies CD(K,∞) and (W 1,2(X), ‖ · ‖W 1,2(X)) is a Hilbert space.
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From now on, let (X, d, µ) be an RCD(K,∞) space with K ∈ R. Then, there is a
natural quadratic form induced by the Cheeger energy. Recall that the Cheeger energy
functional Ch : L2(X,µ)→ [0,∞] is defined by
Ch(f) =
1
2
∫
X
|Df |2w dµ, f ∈W 1,2(X).
By polarization, we can define a bilinear map Γ : W 1,2(X) ×W 1,2(X)→ R by
Γ(f, g) =
1
4
(|D(f + g)|2w − |D(f − g)|2w), for every f, g ∈W 1,2(X).
Hence, Ch induces a quadratic form E : W 1,2(X) ×W 1,2(X) → R such that, for any
f, g ∈W 1,2(X), E(f, f) = 2Ch(f) and
E(f, g) =
∫
X
Γ(f, g) dµ.
Indeed, (E ,W 1,2(X)) is a strongly local, quasi-regular symmetric Dirichlet form (see [3,
Section 6.2] and [1, Section 7.2]). We denote its L2-generator by ∆ with domain D(∆)
belong to L2(X,µ), which is a self-adjoint and non-positive definite linear operator such
that, for every f ∈ D(∆),
E(f, ψ) = −
∫
X
ψ∆f dµ, for every ψ ∈W 1,2(X).
From the general theory of Dirichlet forms (see e.g. [8, 22, 14] for more details), D(∆)
is dense in W 1,2(X) as well as in L2(X,µ). The heat flow uniquely associated to
(E ,W 1,2(X)) is denoted by (Ht)t≥0, namely, Ht = et∆ in the sense of functional analysis,
and the heat kernel by (ht)t≥0 (see [3, Section 6.1] and [1, Section 7.1] for the existence
of the later), which enjoy nice properties (see [3, Section 6.1], [25], [1, Section 7.1], [4]
and [16]); for instance, the mass preserving property, i.e.,∫
X
Htf dµ =
∫
X
f dµ, for every f ∈ L1(X,µ) ∩ L2(X,µ), (2.1)
the density of ∪t>0Ht(L∞(X,µ)) in D(∆), and the stochastic completeness, i.e., for any
t > 0, Ht1(x) = 1 for µ-a.e. x ∈ X.
Note that the doubling property and the weak local Poincare´ inequality of type (1, 1)
holds on RCD(K,∞) spaces with K ≥ 0. However, the both may fail on RCD(K,∞)
spaces with K < 0.
For α ≥ 0, let (Hαt )t≥0 be the semigroup generated by (∆ − α,D(∆)) in L2(X,µ).
Then Hαt = e
−αtHt, t ≥ 0, which is also a strongly continuous and Lp(X,µ)-contraction
semigroup for all p ∈ [1,∞]. However, for α > 0, Hαt 1 < 1 µ-a.e. for all t > 0.
Now for f ∈ L1(X,µ) ∩ L∞(X,µ), we define the vertical Littlewood–Paley square
function by
G(f)(x) =
( ∫ ∞
0
|DHαt f |2w(x) dt
)1/2
, x ∈ X.
It is easy to know that if α ≥ 0, then
‖G(f)‖L2(X,µ) ≤
√
2
2
‖f‖L2(X,µ), for every f ∈ L2(X,µ). (2.2)
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Indeed, letting {Eλ : 0 ≤ λ < ∞} be the spectral family associated with −∆, we have
that ∫
M
|G(f)|2 dµ =
∫
M
∫ ∞
0
|DHαt f |2w dtdµ =
∫ ∞
0
( ∫
M
−∆(Hαt f)Hαt f dµ
)
dt
=
∫ ∞
0
∫ ∞
0
λe−2t(α+λ) d〈Eλf,Eλf〉dt =
∫ ∞
0+
∫ ∞
0
λe−2t(α+λ) dt d〈Eλf,Eλf〉
≤ 1
2
∫ ∞
0+
d〈Eλf,Eλf〉 ≤ 1
2
‖f‖2L2(X,µ).
3 Lp boundedness for 1 < p ≤ 2
We first borrow a maximal inequality on the heat flows (Ht)t>0 from [31, Page 73]
(see also [18, Lemma 2.7]); in fact, the explicit constant for 1 < p < ∞ in the present
form is from [26, Theorem 3.3], where the method of proof still works in the present
setting.
Lemma 3.1. Let 1 < p ≤ ∞. For every f ∈ Lp(X,µ),
∥∥ sup
t>0
|Htf |
∥∥
Lp(X,µ)
≤ p
p− 1‖f‖Lp(X,µ),
where p/(p − 1) := 1 if p =∞.
The main result in this section is presented in the following theorem which is exact
Theorem 1.1 (1). The idea of proof is essentially from Stein [31, Chapter II] in the the
setting of compact Lie groups. We should mention that Stein’s method has been non-
trivially generalised to the setting of non-local Dirichlet forms under some mild conditions
in [18] very recently. For notational convenience, we set
V
∞(X) := {g ∈W 1,2(X) ∩ L∞(X,µ) : |DHtg|w ∈ L∞(X,µ)}.
Theorem 3.2. Let α ≥ 0 and 1 < p ≤ 2. Suppose that (X, d, µ) is an RCD(K,∞) space
with K ∈ R. Then, there exists a positive constant Cp, depending only on p, such that
‖G(f)‖Lp(X,µ) ≤ Cp‖f‖Lp(X,µ), for every f ∈ L2(X,µ) ∩ Lp(X,µ). (3.1)
Proof. We only need to consider the case when 1 < p < 2 since (2.2). We may reduce
the problem to the case when f is non-negative. Indeed, if f is signed then f = f+− f−
and |DHαt f |w ≤ |DHαt (f+)|w+ |DHαt (f−)|w, where f+ := max{f, 0} and f− := {−f, 0};
hence,
‖G(f)‖pLp(X,µ) ≤ 2p−1
(‖G(f+)‖pLp(X,µ) + ‖G(f−)‖pLp(X,µ)).
Let 0 ≤ f ∈ L1(X,µ) ∩ L∞(X,µ). By the the property of the heat flow (see e.g. [3,
Section 6] and [1, Section 7]), we see that 0 ≤ Htf ∈ D(∆) ∩ Lip(X, d) ∩ L∞(X,µ) for
every t > 0. By [4, Corollary 3.2], we have that
|DHtf |2w ≤
2K
e2Kt − 1Ht(f
2), µ-a.e. in X,
which implies that |DHtf |w ∈ L∞(X,µ) for every t > 0. Thus, 0 ≤ Hαt f ∈ D(∆) ∩
V
∞(X) ∩ Lip(X, d) for every t > 0.
5
Let ǫ > 0. Define a function θǫ : R+ → R+ such that θǫ(s) = (s + ǫ)p − ǫp. Then,
it is immediate to see that θǫ(0) = 0 and θǫ ∈ C2(R+,R+). From [8, Corollary 6.1.4,
Chapter I], we deduce that θǫ(H
α
t f) ∈ D(∆)∩V∞(X)∩Lip(X, d) for every t > 0. (Note
that here we do not need the boundedness on the derivatives of s 7→ θǫ(s), since θǫ is
composed with bounded functions.) Hence, by the chain rule (see e.g. [15]),
( ∂
∂t
−∆
)
θǫ(H
α
t f)
= θ′ǫ(H
α
t f)
∂
∂t
Hαt f −
[
θ′ǫ(H
α
t f)∆H
α
t f + θ
′′
ǫ (H
α
t f)|DHαt f |2w
]
=−αθ′ǫ(Hαt f)Hαt f − θ′′ǫ (Hαt f)|DHαt f |2w.
Since θ′′ǫ (s) = p(p− 1)(s + ǫ)p−2, which is positive for any s ∈ R+, we have that
( ∂
∂t
−∆)θǫ(Hαt f) + αθ′ǫ(Hαt f)Hαt f ≤ 0,
and
|DHαt f |2w =
1
θ′′ǫ (Hαt f)
[(
∆− ∂
∂t
)
θǫ(H
α
t f)− αθ′ǫ(Hαt f)Hαt f
]
.
Then
G(f)(x)2 =
∫ ∞
0
|DHαt f |2w(x) dt
=
∫ ∞
0
1
θ′′ǫ (Hαt f(x))
[(
∆− ∂
∂t
)
θǫ(H
α
t f(x))− αθ′ǫ(Hαt f(x))Hαt f(x)
]
dt
≤ sup
t>0
( 1
θ′′ǫ (Hαt f(x))
)
Iǫ(x),
where
Iǫ(x) :=
∫ ∞
0
[(
∆− ∂
∂t
)
θǫ(H
α
t f(x))− αθ′ǫ(Hαt f(x))Hαt f(x)
]
dt ≥ 0.
By Ho¨lder’s inequality, we derive that∫
X
G(f)(x)p dµ(x)≤
∫
X
sup
t>0
( 1
θ′′ǫ (Hαt f(x))
)p/2
Iǫ(x)
p/2 dµ(x)
≤
(∫
X
sup
t>0
( 1
θ′′ǫ (Hαt f)
)p/(2−p)
dµ
)1−p/2(∫
X
Iǫ(x) dµ(x)
)p/2
.
Since θ′(s) = p(s+ ǫ)p−1 > 0 for any s ∈ R+, the term∫
X
Iǫ(x) dµ(x) =
∫
X
∫ ∞
0
∆θǫ(H
α
t f) dtdµ−
∫
X
∫ ∞
0
∂
∂t
θǫ(H
α
t f) dtdµ
−α
∫ ∞
0
θ′ǫ(H
α
t f)H
α
t f dt
≤
∫
X
∫ ∞
0
∆θǫ(H
α
t f) dtdµ+
∫
X
θǫ(f) dµ
=
∫
X
θǫ(f) dµ,
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where we also used Fubini’s theorem and the fact that
∫
X ∆θǫ(H
α
t f) dµ = 0 due to
the mass preserving property (2.1) in the last inequality. Note that
∫
X θǫ(f) dµ < ∞,
which comes from the fact that θǫ(s) ≤ ps(s + ǫ)p−1 for any s ∈ R+ and 0 ≤ f ∈
L1(X,µ)∩L∞(X,µ). Hence, letting ǫ→ 0+, by the monotone convergence theorem and
the dominated convergence theorem, we immediately arrive at∫
X
G(f)p dµ≤ lim
ǫ→0+
(∫
X
sup
t>0
( 1
θ′′ǫ (Hαt f)
)p/(2−p)
dµ
)1−p/2(∫
X
θǫ(f) dµ
)p/2
= [p(p− 1)]−p/(2−p)
( ∫
X
sup
t>0
(Hαt f)
p dµ
)(2−p)/2
‖f‖p2/2Lp(X,µ)
≤Cp‖f‖pLp(X,µ),
where Lemma 3.1 is applied in the last inequality. Thus, we prove (3.1) for f ∈ L1(X,µ)∩
L∞(X,µ).
For f ∈ L2(X,µ) ∩ Lp(X,µ), we may choose a sequence (fn)n≥1 from L1(X,µ) ∩
L∞(X,µ) such that fn → f in L2(X,µ) as n→∞. Then, for every t > 0, Hαt fn → Hαt f
inW 1,2(X) as n→∞. Hence, up to subsequence, for every t > 0, |DHαt fn|w → |DHαt f |w
µ-a.e. as n→∞. Therefore, by Fatou’s lemma, we complete the proof.
4 Lp boundedness for 2 < p <∞
Let K ∈ R and (X, d, µ) be an RCD(K,∞) space. Since (E ,W 1,2(X)) is a stochasti-
cally complete, strongly local and quasi-regular Dirichlet form, from [22, Theorem 1.11,
Chapter V], there exists a unique diffusion process {(Zt)t≥0, (Px)x∈X} defined on a prob-
ability space such that Htf(x) = Ex[f(Zt)] for any t ≥ 0, x ∈ X and non-negative Borel
function f on X, and
Px
(
t 7→ Zt is continuous for t ∈ [0,∞)
)
= 1, for every x ∈ X,
where Ex denotes the expectation with respect to Px. See also [3, Theorem 6.8] and [1,
Theorem 7.5].
Now we adapt the probabilistic approach from [7], where the Lp boundedness of the
Littlewood–Paley square function for Le´vy processes in the Euclidean space is studied.
Fix an arbitrary number T > 0 and let f ∈ L1(X,µ)∩L∞(X,µ). Define a stochastic
processes Mf = (Mf (t))0≤t≤T by
Mf (t) = HT−tf(Zt)−HTf(Z0), 0 ≤ t ≤ T.
Denote the natural filtration of the process (Zt)t≥0 by (Ft)t≥0. Then Lemma 4.1 below
shows that (M(f)t,Ft)0≤t≤T is a martingale.
The next result is not new at lest in the smoothing setting since one can apply
the Itoˆ formula. For our metric measure space setting, we refer to [17] for the same
proof; however, instead of RCD(K,∞), the stronger Riemannian curvature-dimension
condition RCD∗(K,N) with finite N is assumed there. See [15, 13] for more details on
the RCD∗(K,N) condition.
Lemma 4.1. Let (X, d, µ) be an RCD(K,∞) space with K ∈ R. Then (Mf (t),Ft)0≤t≤T
defined above is a continuous martingale, and moreover, for any t ∈ [0, T ], its quadratic
variations is
〈Mf 〉(t) =
∫ t
0
|DHT−sf |2w(Zs) ds.
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For x ∈ X and f ∈ L1(X,µ) ∩ L∞(X,µ), define
G⋆(f)(x) =
( ∫ ∞
0
Hαt
(|DHαt f |2w)(x) dt)1/2,
G⋆,T (f)(x) =
(∫ T
0
Hαt
(|DHαt f |2w)(x) dt)1/2,
and
H⋆,T (f)(x) =
( ∫ T
0
Ht
(|DHtf |2w)(x) dt)1/2.
Obviously, G⋆,T (f)(x) increases to G⋆(f)(x) as T → ∞, and G⋆,T (f)(x) ≤ H⋆,T (f)(x)
since α ≥ 0. And we have the following lemma.
Lemma 4.2. Let (X, d, µ) be an RCD(K,∞) space with K ∈ R. Suppose that α ≥
max{−2K, 0}. Then, for every f ∈ L1(X,µ) ∩ L∞(X,µ) and x ∈ X,
G(f)(x) ≤
√
2G⋆(f)(x). (4.1)
Proof. Since for every t > 0, |DHtf |2w ≤ e−2KtHt(|Df |2w) for every f ∈ W 1,2(X) (see [4,
COROLLARY 4.18] for instance) andHαt f ∈W 1,2(X) for every f ∈ L1(X,µ)∩L∞(X,µ),
it is easy to see that, if α ≥ max{−2K, 0}, then for every x ∈ X,
G(f)2(x) =
∫ ∞
0
|DHαt f |2w dt =
∫ ∞
0
|DHαt/2(Hαt/2f)|2w dt
≤
∫ ∞
0
e−(α/2+K)tHαt/2(|DHαt/2f |2w) dt ≤ 2G⋆(f)2(x),
which is right (4.1).
The next lemma contains the key point we need, which expresses the square function
H⋆,T (f) as a conditional expectation of the quadratic variation of the martingale Mf .
The idea is introduced in the paper [7] for Le´vy processes recently. The proof is the same
to the one in [17, Lemma 3.5] (where the RCD∗(K,N) with finite N is assumed). Recall
that ht is the heat kernel corresponding to Ht.
Lemma 4.3. Let (X, d, µ) be an RCD(K,∞) space with K ∈ R and x ∈ X. Then
H⋆,T (f)(x) =
{∫
X
Ez
( ∫ T
0
|DHT−sf |2w(Zs) ds
∣∣∣ZT = x)hT (x, z) dµ(z)}1/2.
The main result of this section is the next theorem which is the second part of
Theorem 1.1.
Theorem 4.4. Let 2 ≤ p < ∞ and let (X, d, µ) be an RCD(K,∞) space with K ∈ R.
Suppose that α ≥ max{−2K, 0}. Then, there exits a positive constant Cp depending only
on p such that
‖G(f)‖Lp(X,µ) ≤ Cp‖f‖Lp(X,µ), for every f ∈ L2(X,µ) ∩ Lp(X,µ).
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Proof. Let f ∈ L1(X,µ) ∩ L∞(X,µ). For 2 ≤ p <∞, by Lemma 4.1 and Lemma 4.3,∫
X
H⋆,T (f)(x)p dµ(x) =
∫
X
(∫
X
Ey
[〈Mf 〉(T )∣∣ZT = x]hT (x, y) dµ(y))p/2dµ(x)
≤
∫
X
∫
X
Ey
[〈Mf 〉p/2(T )∣∣ZT = x]hT (x, y) dµ(y)dµ(x)
=
∫
X
Ey
[〈Mf 〉p/2(T )] dµ(x),
where we applied Jensen’s inequality. In what follows, the positive constant Cp, depend-
ing only on p, may vary from line to line. By the Burkholder–Davis–Gundy inequality
(see e.g. [26, Theorem 3.1]), we have∫
X
H⋆,T (f)(x)p dµ(x)≤Cp
∫
X
Ey|Mf (T )|p dµ(y)
≤Cp
∫
X
(
Ey|f(ZT )|p + |HT f(y)|p
)
dµ(y)
=Cp
∫
X
(
HT |f |p(y) + |HT f(y)|p
)
dµ(y)
≤Cp‖f‖pLp(X,µ),
where we used the stochastic completeness in the last inequality. Thus, by (4.1) and the
monotone convergence theorem,∫
X
G(f)(x)p dµ(x)≤ 2p/2
∫
X
G⋆(f)(x)p dµ(x)
= 2p/2 lim
T→∞
∫
X
G⋆,T (f)(x)p dµ(x)
≤ 2p/2 lim
T→∞
∫
X
H⋆,T (f)(x)p dµ(x)
≤Cp‖f‖pLp(X,µ).
For general f ∈ L2(X,µ)∩Lp(X,µ), by approximation and Fatou’s lemma, we complete
the proof.
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